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Abstract 
X has not a realcompact image if X is not LindelGf and at least one of the following: X 
has Lindelaf degree at most 2”, X is countably tight, X maps continuously onto X2. If X 
has an uncountable closed discrete subset, then X has a one-to-one not realcompact 
continuous image. If X is not LindelGf, then X <“‘, the sum of the finite powers of X, has a 
not realcompact continuous image; hence L( X < “> = pq( X < “) = t(C,( X)). 
Key words: Realcompact; LindelGf; Continuous image; LindelGf number 
AMS CMOS) Subj. Class.: 54A25, 54B15, 54C35 
1. Introduction 
In this paper, space means Tychonoff space and image means image under a 
continuous function. Let C(X, 0) be the family of continuous functions from X to 
0, the unit interval. For each f~ C(X, 0, we define the cozero set, coz(f> = 1.x E 
X: f(x) # O), and the zero set, or z-set, z(f) = {x EX: f(x) = 0). The Stone-Tech 
compactification of a space X is denoted PX. A point p of the remainder 
X” = pX\X is often considered to be a free z-ultrafilter on X. We say that a 
family 3, has tip, the countable intersection property, if 0 8 # fl for every count- 
able subfamily 8’ of 3. 
Because the usual definitions do not show the relationship between Lindeliif 
and realcompact (other terms for realcompact space are Q-space, Hewitt-Nachbin 
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space, R-compact space, realcomplete space, and functionally closed space), we 
recall 
Proposition 1.1 [II]. A space X is Lindeliif iff any one or all of the following hold: 
(1) Every open cover has a countable subcouer. 
(2) Every z-filter with tip is fixed. 
(3) For every compact set K cX” there is a countable family Z! of open subsets of 
PXsuch that KC (7 McX*. 
(4) For every compact set K cX” there is a continuous function f : pX + 0 such 
that f(p) = 0 f orallpEKandf(x)>O forallxEX. 
Proposition 1.2 [8]. A space X is realcompact iff any one or all of the following hold: 
(1) X can be embedded as a closed subset of a product of real lines. 
(2) Every z-ultrafilter with tip is fixed. 
(3) For every point p EX* there is a countable family S?/ of open subsets of pX 
such that p E n %cX*. 
(4) For every point p EX* there is a continuous function f : /3X + 0 such that 
f(p) = 0 and f(x) > 0 for all x EX. 
This paper investigates a question asked by Mrowka in 1968 [9]. “Every Lindelof 
space is R-compact. It follows that every continuous image of a Lindelof space is 
R-compact. Does the converse hold true ?” That is, if every continuous image of a 
space is realcompact, must the space be Lindelbf? This question was asked again 
by Arhangel’skii and Okunev in 1985 [2]. Our investigations more often address the 
contrapositive form: 
If X is a not Lindelijf space, does X have a not realcompact image? (Mr) 
In this paper we give partial positive answers. X has a not realcompact image if 
X is not Lindelof and at least one of the following three additional hypotheses 
holds: X has Lindelof degree at most 2” (Corollary 4.3), X is countably tight 
(Corollary 4.4), X maps continuously onto X2 (Corollary 4.8). We also present two 
closely related results: if X is not Lindelof, then X <w has a not realcompact 
image (Theorem 4.5); and if X has an uncountable closed discrete subset, then X 
has a one-to-one not realcompact image (Theorem 2.5). The question of when X2 
has a one-to-one not realcompact image will be investigated in a subsequent paper 
by Eckertson (to appear in this journal). 
We use these common cardinal functions: L(X), Lindeliif degree, t(X), tight- 
ness, w(X), weight, and d(X), density. We define the realcompactness degree via 
the condition in Proposition 1.2(3); q(X) is the least cardinal K such that for every 
p EX* there is a family 9 of open subsets of PX such that p E Cl %cX* and 
Ig/I<K. Given a cardinal function 4, we define the projective function p4 
analogously to the hereditary function h4: 
p~$( X) = sup{ 4( Y): Y is an image of X} . 
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Here are three easy examples illustrating how we use this notation. 
(1) pq(X) GpL(X) = L(X) for all X. 
(2) If Y is an image of X, then p+(Y) <p+(X) for all 4. 
(3) The question (Mr) generalizes to the conjecture pq(X) = L(X). 
Some of our results, in particular, Propositions 1.1, 1.2, Theorems 3.2, 4.5 and 
Corollary 4.6, generalize routinely: replace “countable” with “cardinality at most 
K”, “X is LindelGf” with “L(X) G K”, and “X is realcompact” with “q(X) G K”. 
The results which rely on Proposition 1.3(a) (e.g. Theorem 4.2 and Corollary 4.8) 
do not generalize routinely. 
Proposition 1.3. (a) If H is a not compact closed subset of a realcompact space X, 
then there are {x,: n E w} c H and {cp,: n E w} c C(X, II) such that cp,(x,> = 1 for 
all n E o and % = {coz(cp,: n E w} is discrete. 
(b) (The pasting lemma) Let ~7 be a locally finite closed cover of a space X-for 
example, &= (cl, coz(cp,): n E 0) U IX\ U %} from part (a). Zf f is a function 
from a space X to a space Y such that f 1 M : M + Y is continuous for all M EJ%, then 
f is continuous. 
Proof. (a) Let p E cl,,H\X and apply Proposition 1.2(4) to get f : PX + 0. By 
induction on n E w, choose positive numbers E,, converging to 0, and points x, 
from H so that F, > f(x,> > F,,+~. For each n E w, choose ‘p, E C(X, 0) so that 
cp,(x,) = 1 and cl,coz((p,) cf +(F,+~, E,). 
(b) See [4, 2.1.131. 
In Theorems 2.5, 4.2, and Proposition 4.7, we will use Proposition 1.3(a) to 
define a function by cases and then use Proposition 1.3(b) to verify continuity. 
2. Spaces with uncountable closed discrete subsets 
The ideas of this section are illustrated in the following variation on Theorem 
2.5. The assumption of normality makes it easier to extend continuous functions. 
Theorem 2.1. If P = {p a: (Y < w I) is an uncountable closed discrete subset of a 
normal space X, then X has a normal not realcompact one-to-one image Y. 
Proof. Let X and P be as stated. Let the point set of Y be X, and let L : X + Y 
be the identity map. We declare a subset W of Y to be open iff L c W is open in X 
and {a: p,, E W) is open in w,. It is clear that L is a one-to-one continuous 
function from X onto Y and that Y is not realcompact because L[PI is a closed 
subset of Y homeomorphic to wl. 
Towards normality, suppose that H is closed in Y, U is open in Y, and H c U. 
Choose T clopen in w1 so that {a: p, E H} c T cw,\{a: p, E U). Define 0 E 
C(JP], 0) by B(p,) = 1 if (Y E T and f?(p,) = 0 if CY @ T. Our goal is a separating 
function extending 8; our plan is to apply L+ and extend in X. 
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Define g,:PU(LtH)U(LtY\U)~Oby 
g,(x) = 
I 
B(L(x)) if x~P, 
1 if L(X) EH, 
0 if L(X) P U. 
Continuity of g, follows from the pasting lemma. By Tietze, let g E C(X, 0) 
extend g,. We claim that g 0 L -’ : Y + 0 is the desired separating function. 
Towards continuity, let S be an arbitrary open subset of 0. First note that g ‘S is 
open in X. Next note that {a: p, E L 0 g ‘S} E {@, T, w1 \T, 0~1, all of which are 
open in 6+. Therefore g 0 L -’ is continuous. 
The fact that Y is normal is a special case of Lemma 3.3 of Hanner [6]. 0 
When X is not normal, we must be more careful. For example, let X be the 
Niemytski plane ([4, 1.2.4; 10, 11; 5, 3K]; also called the tangent disc space) and let 
{a a: (Y < wlJ be a subset of the x-axis enumerated so that (a,: LY G 01 = Q x (0). If 
Y as defined in Theorem 2.1 were Tychonoff, we could separate the compact set 
L[Q x {O)] from the closed set JR\0 x (011. Because L is continuous, we could then 
separate two closed sets which witness that X is not normal. Contradiction! 
Lemmas 2.2 and 2.3 are steps towards defining Example 2.4, the not realcom- 
pact space we will use in Theorem 2.5 the way we used w1 in Theorem 2.1. 
Lemma 2.2. A space X is not realcompact iff there is a proper a-ideal 9 which 
contains an open base for X and satisfies if two cozero sets are disjoint, then at least 
one of them is in Y. In particular, if X is uncountable, locally countable, and every 
two uncountable disjoint open sets meet, then X is not realcompact. 
Proof. Let X and y be as stated. Let p be the collection of z-sets of X which are 
not in 9. Suppose that Z = f + (0) EP. For each n > 2, f +(2/n, 11 is disjoint 
from f + [O, l/n) ey; therefore, X\Z ESZ. Hence p is a z-filter with tip. p is 
free because lJS=X. If Z’=g’Ogy, then g’(l/n, l]Ey for some n> 1 
because 9 is a proper c-ideal. Therefore p is a z-ultrafilter. For the converse, let 
p EX” witness that X is not realcompact, and set 4= (S cX: S n Z = fl for 
some Z Ep}. 0 
Lemma 2.3 [7]. There is a family &’ = {a,: CY < 0~1 C [olw such that 
(1) a, 17 ap is finite for all (Y < /3 < wl, 
(2) (LY < 0: a, CI ap c n} is finite for all p < w1 and n < w. 
Proof. For n <w, set a, = (2”(2k + 1): k <w}. For w G (Y < ol, fix a bijection 
e oL : w + a. By induction on (Y, define a, = (min(aeac,,\ U kin Cue,(k) U n)): n < w). 
If LY<~<w~ and ep(cx)=n, then Ia,na,I<n. For all /3<w, and n<w, we 
have(a<p: a,na,cn}c(ep(0),...,ep(n)}. q 
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Example 2.4. Let ~2 be as in Lemma 2.3. We define a topology on V(d) = 6.1 U&d 
by letting a point II E w be isolated and the basic open sets of a E& have the form 
{a} u (a \n> for IZ E w. It is routine to verify that 9(d) is Tychonoff. (In fact, 
q(d) is a zero-dimensional Moore space.) Suppose that U and V are uncountable 
open sets. By considering the form of basic open subsets of (U U V) n&f, we can 
find n E o and A, B E [w,lwl so that a,\n c U and ap\n c V for all (Y EA and 
p E B. Pick p E B such that A n B is infinite. By Lemma 2.3(2) there are m > n 
and (Y EA such that m E a, n up c U n I/. By Lemma 2.2, V(JZ’) is not realcom- 
pact. 
Theorem 2.5. If X has an uncountable closed discrete subset, then X has a not 
realcompact one-to-one image. 
Proof. If X is not realcompact, then we use the identity map. If X is realcompact, 
let P’ of cardinality wi be an uncountable closed discrete subset. Apply Proposi- 
tion 1.3(a) to obtain D’ = Ix,: n E w} cP’ and {cp,: n E o} c C(X, 0) such that 
q,(x,) = 1 for all n E w and {coz(cp,): n E w) is discrete. Let the point set of Y be 
X, and let L : X + Y be the identity map. Set P = L[ P’] and D = L[D’I. Let 
5 : P + W(zZ) be a bijection so that 5(x,) = n for all n E w. We declare a subset W 
of Y to be open iff L+ W is open in X and t[wn H] is open in V(d). It is clear 
that L is a one-to-one continuous function from X onto Y and that Y is not 
realcompact because P is a closed subset of Y homeomorphic to V(&). 
Towards showing that Y is Tychonoff, let y E W open in Y. If y @P, apply X is 
Tychonoff to y E W\P. If y =x, ED, apply X is Tychonoff to p E (W\P) U {y). 
So assume that y E P\D. Find T clopen in ?I$&‘) such that y E 5 + [Tl c Wn ({y] 
u 0). Use that {coz(cp,): n E o} is discrete in X to find (0,: t E T} c C(X, 0) such 
that V= (coz(e,>: t E T} is discrete in X, lJ ??‘Z W, and O,([-‘(t)) = 1 for each 
t E T. 
Define g:X-+O by 
g(x) = 
i 
19,(x) if x E cl, coz(et), 
0 if xEX\lJy. 
By the pasting lemma, g is continuous. We claim that g 0 L-I : Y -+ 0 is the desired 
separating function. Clearly, g 0 L -l(y) = 1 and coz(g 0 L-‘) c W. Towards conti- 
nuity, let S be an arbitrary open subset of 0. First note that g ‘S is open in X. 
Next note that ~[CL 0 g t S) n P] E (@, T, V(zZ)\ T, V(SS?)}, all of which are open 
in q(d). Therefore g 0 LC~ is continuous. 0 
Early versions of the proof of Theorem 2.5 used some spaces worth describing. 
First we assumed 2” = wi and used V(k), where _& is a maximal almost disjoint 
subfamily of [w]~ [4, 3.6Ia; 5, 51; 10, lN]. Next we avoided an extra set-theoretic 
assumption by using Example 2.7. Then we devised Example 2.8 to avoid referring 
the reader to [12] for the proof of Proposition 2.6. After learning what we needed 
in Theorem 2.5, Todorcevic showed us Lemma 2.3 and Example 2.4. The family &’ 
constructed in Lemma 2.3 is called a “Luzin gap”. 
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Proposition 2.6 [12, 4.31. There are A E [w*lwl and p E w*\A such that A is 
relatively discrete and A \ U is countable for every open set U containing p. 
Example 2.7. Let A be as in Proposition 2.6. Consider the subspace M = w u A of 
pw. Note that w CM c PO, hence PA4 = p w. Applying Proposition 1.2(3) to M 
and p, we see that M is not realcompact. 
Example 2.8. Let S be an uncountable separable metric space without isolated 
points and V a countable base for S closed under finite union. For example, S 
could be Cantor’s middle thirds set and I/ the family of closed and open subsets of 
S. We define a topology on B = S U I/. There are two types of basic open sets: 
singletons {v} for v E I/, and sets of the form 
B(s, -q = {s) u ( vEV:sEvAEnv=~} 
where s E S and E is a finite subset of S\{s}. It is easy to see that E is a 
zero-dimensional Tychonoff space, that V is a countable dense subset of isolated 
points, and that S is closed discrete. Note that B(s, E) n B(s’, E’) = 0 iff s E E’ 
or s’ E E. If U and U’ are disjoint open sets and U n EwB(~n, E,) c U, then 
U’nSc U n E ,E,, a countable set. By Lemma 2.2, 8 is not realcompact. An 
alternate approach is to use the A-system lemma to show that if S’ c S and 
IS I = 01, then S\cl, U s E ,,B(s, E,) is finite. 
3. A criterion for not realcompactness 
Because it is essential to Theorems 4.2 and 4.5, we include a proof of Theorem 
3.2, which is a special case of [l, 11.4.131. Our approach differs from [l]; we define 
the z-ultrafilter witnessing that X is not realcompact. 
Given an index set r, define 5 E Or by $-y> = 0 for all y E r, and let .E be the 
family of finite functions from a subset of r to the open subsets of 0. A base for 
the usual product topology on Or is {B,: (T E Z:) where B, = (z E Or: z(y) E a(r) 
for all y E dom (T}. A subset R of a space X is called regular closed iff it is the 
closure of some open subset of X. Variations of Lemma 3.1 are well known (see 
e.g. [3, 10.21). 
Lemma 3.1. Suppose that Yis a dense subspace of Or. For every f E C(Y, 0) there is a 
countable subset A, of r such that f(y) = f( y’) if y(y) = y’(y) for all y E A,. 
Proof. Let ?7 be a countable base for R. For each VE y set R, = cl,rf + V. Since 
Y is dense, each R, is regular closed in C(Y, 0). Because C(Y, 0) is ccc, there is, 
for each I/E k7, a countable family 9, of basic open subsets of Or such that 
R,= cl,,- U ~29”. A,= U(dom u: I/E ?7” and B, EL%‘~} satisfies the claim. 0 
Theorem 3.1 [l, 11.4.131. A subspace Y of Or is not realcompact if 
(1) 8@ Y, 
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(2) for every countable A c r, there is y E Y such that y(o) = 0 for all (Y E A, 
(3) Y is dense in Or. 
Proof. For each A E [PI” set Z, = (y E Y: y(y) = 0 for all y EA). Consider F, 
the z-filter generated by {Z,: A E [r]?. By (11, n 9= @. By (2), F has tip and 
fl P 5 Towards maximality, consider f~ C(Y, 0) such that Zr meets every Z E 5 
Apply Lemma 3.1 to get A,. Then ZAr = Zf and Zf E 9. By Proposition 1.2(2), Y 
is not realcompact. 0 
4. New cozero covers from old 
Here is how we will use Theorem 3.2 in investigating (Mr). For G = {g,,: y E r) 
c C(X, O), define the evaluation map e o : X + Or by e,(x)(y) = g,(x). If {coz(g): f 
E G) is a cover of X with no countable subcover, then ec[X] satisfies Theorem 
3.2(l) and 3.2(2), but not necessarily Theorem 3.2(3). We will answer (Mr) 
positively in Theorems 4.2 and 4.5 by slightly modifying gy to f, so that e,[X] 
satisfies theorem 3.2(3) as well as 3.2(l) and 3.2(2). 
In the zero-dimensional case it is more natural to map to 2r than Or. In this 
context, combining the analogues of Theorem 3.2 and the previous paragraph 
yields Theorem 4.1. Recall that a family 8 of subsets of a set X is called 
independent if whenever F and F’ are disjoint finite subsets of 8, then n(E: E 
EF)n nix/E: EE~‘)#@. 
Theorem 4.1. Let Z! be an independent family of clopen subsets of a space X. If Z 
covers X with no countable subcover, then X has a not realcompact image. 
Our plan in Theorem 4.2 is to modify a given cozero cover so as to map 
(x,: n E w) from Proposition 1.3(a) onto a dense subset of Or. 
Theorem 4.2. Let P be a closed subset of a realcompact space X, and let (g,: y E l) 
with ( T I< 2” satisfy P c U (coz(gy): y E P). Then either 
(1) there is A E [rlGw so that P c U (coz(gy): y E A), or 
(2) P has a separable not realcompact image and X has a not realcompact image. 
Proof. We assume that (1) fails and show that (2) holds. Apply Proposition 1.3(a) to 
obtain (x,: n E w) c P and ( cp,: n E w) c C(X, 0) so that cp,(x,> = 1 for all n E w 
and %= (coz(cp,): n E o) is discrete. We may assume that P\ lJ ?J is not covered 
by a countable family of coz(g,)‘s because at least one of P\ U(coz(cp,): n even) 
and P\ U(coz(cp,): n odd) has this property. Let (2,: n E w) be dense in (0, llr. 
Our plan is to modify gy to f, so that (2,: n E w) c eF[ P] while still covering P 
without a countable subcover. For y E r, define f, : X + 0 by 
f,(x) = 
(I - cp,(x>)g,(x> + CP,(X)Z,(Y) if x E ~1, coz((~,), 
g,(x) if xEX\lJ%. 
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Use the pasting lemma to show that f, is continuous. Set F = (f,,: y E r}. Note 
that for all y E r, coz(g,) c coz(f,,) c coz(g,) u IJ %‘, and for all n E w, eJx,) = 
2,. Therefore the subspace e,[P] of Or is a not realcompact image of P because it 
satisfies the hypotheses of Theorem 3.2. 
Let H = {h,: x EX\P} c C(X, 0) satisfy x E coz(h,) cX\P for all x E X\P. 
Then the image eFvH [Xl of X is not realcompact because the closed subset 
e,[P] x {GH} is homeomorphic to eJP]. •! 
When we let P =X in Theorem 4.2, we obtain 
Corollary 4.3. Zfpq(X) = o and L(X) G 2”, then L(X) = W. 
The next corollary applies to all countably tight spaces. In some circumstances, 
e.g. if Martin’s axiom holds, it applies to all spaces of tightness less than 2”. 
Corollary 4.4. Zfpq(X) = w and 2’cx) = 2”, then L(X) = co. 
Proof. The hypothesis that pq(X) = w is used only to guarantee that case (1) of 
Theorem 4.2 holds. Let 7Y be a cozero cover of X. By induction on (Y, we define 
x, EX, P, a closed subset of X, and %a a subset of Y of cardinality at most 2”. 
Set 8 = (t(X))+. 
Suppose that (Y < 6 and xp has been defined for all /3 < (Y. Set P, = cl,{xp: p 
<a}. Note that 
L(P,) <w(PJ <2d’P~‘<2’a’<20. 
By Theorem 4.2, there is ?Ya E [WI d PJ such that P, c U FYm and %p c %a for all 
p <a. 
Case 1: U YY~ = X. Apply Theorem 4.2 to obtain the desired countable subcover. 
Case 2: U %a #X. Pick x, E X\ U %, and continue. 
Towards a contradiction, assume that xp has been defined for all p < 8. Define 
P = cl,(xp: p < 6). Because t(X) < 6, P = U Ly <sP,. Hence L(P) G 6.2” = 2”. 
Moreover P c U ,<,(U %J = U(U a < s%J. So by Theorem 4.2, there is (Y < 6 so 
that P c U %la. Then x, E P c U Ya, contradicting the definition of x,. Therefore 
Case 1 occurs for some (Y < 6 and we are done. 0 
The following ideas will be used to prove Theorem 4.5. To show that Z is dense 
in Or, it suffices that for every n E N, for every nonrepeating sequence (rl,. . . , -y,J 
from r, and for every sequence u = (ql, . . . , q,) from Q n (0, 11, there is z E Z so 
that z(yi) = qi for all i < n. In the next paragraph, we define X” so that we can 
find such a z in eF[Xa]. 
For X a space, define X cm = @{X”: n EN}, the sum of the finite powers of 
X. For n EN, let Q, be the set of n-tuples with range in KI n (0, ‘11. For (T E Q,, 
let X” be a copy of X” indexed by (T, and let L, : X” +X” be the natural map. 
Via bcl), we may identify X with X(l). Set X <Q = @ {X0: g E U II E NQJ. Note 
that X <w, X <Q, (X <,)<, are images of each other. 
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Theorem 4.5. Zf X is not Lindeliif, then X <Q (and hence X < “) has not a 
realcompact image. In general, L(X) =Gpq(X <,). 
Proof. Let (coz(h,>: cy < A} be a well-ordered cover of X with no countable 
subcover. Set r = (p <A: coz(hp)\ U ,<,+~oz(h,) Z (d}. For y E r, choose xy E 
coz&J\ U a<B coz(h,) and define gy E C(X, 0) by 
h,(x) 
g,(x) = /,+,) . 
Then {coz( g,): y E r} is a cozero cover of X with no countable subcover satisfying 
if (Y < p E r, then g,(x,) = 1 and g,(xJ = 0. Our plan is to extend gY 0 L&’ to 
f,, E C(X <Q, 0) so that e,[X <Q] satisfies the hypotheses of Theorem 3.2. In more 
detail, the following items, together with the properties of (coz(g,): y E r}, imply 
the corresponding items in Theorem 3.2. 
(1) For all (xi,. . . , x,J EX~, if g,(x,> > 0, then f,(x,, . . . , x,J > 0, 
(2) for all x E X, fy(ql)(x)) = g,(x), 
(3) for all yi < . . . < y,, E r and u = (si,. . . ,q,) E Q,, 
f&(xyl’...,xy,)) =91> ...3 f&Jxy*‘...~xy,)) 
For sake readability, fix = r, E define I and 
the case the For u, EX~, 
fJk w> -g&))(1 l trg,W(l -g&9) +sg,(w). 
(*I 
It is routine to verify the items above. q 
C,(X) is the space of all continuous functions from X to the reals equipped 
with the topology of pointwise convergence. Another view is that C,(X) is a 
subspace of Rx with the usual product topology. 
Our first proof of Theorem 4.5 mapped X < w to the lattice subring of C,(C,(X)> 
generated by (R: x E X} U {s’: q E KI} and closed under + , X , V , and A, where 
x^( f > = f(x) and q7f I= q for all f E C,(X). This subring contains the functional 
taking g,, E C,(X) to fJu, u, w> E IR as defined in (*I. 
Corollary 4.6. For all spaces X, pq(X <WI = L(X <“> = t(C,(X)). 
Proof. It follows from the following equalities and inequalities. 
(1) sup{L(X”): n E N} = t(C,(X)> is the Arhangel’skii-Pytkeev Theorem [l, 
11.1.11. 
(2) L(X <O) = sup{L(X”): n E IV} is obvious. 
(3) L(X <ml <pq((X<“)<“) is Theorem 4.5 with X<” in place of X. 
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(4) pq((X<“)<” <pq(X<“) because (X<,)<, is an image of X<“. 
(5) pq( X < “> <pL(X < “1 G L(X < “1 is true for all spaces. 0 
We aim towards Corollary 4.8 which is immediate from Theorem 4.5 and 
Proposition 4.7. The following notion is helpful in extending maps. For a space Y, 
define the “geometric cone” over Y, Cone(Y), to be the set Y X (0, 11 U {O) with 
the topology generated as follows: a basic open set for a point (y, r) is an open 
rectangle I/X W, where y E I/ open in Y, and Y E W open in (0, 11; a basic open 
set for 0 has the form (0) U Y X (0, E) for some E > 0. It is easy to verify that 
Cone(Y) is Tychonoff and that Y X { 1) is a closed subset of Cone(Y) homeomor- 
phic to Y. 
Proposition 4.7. Let X be realcompact and not compact. If X2 is an image of X, 
then every image of X i o is homeomorphic to a closed subset of an image of X. 
Proof. Because X2 is an image of X, for each n EN there is a continuous 
surjection h, : X+X”. Apply Proposition 1.3(a) to obtain (x,: n E w) CX and 
(cp,: n E w) c C(X, 0) so that cp,(.~.,) = 1 for all n E w and % = {coz(cp,): n E o) is 
discrete. 
Notice that XX {x,: n E w) maps onto X <w. (Project XX {x,) onto X and 
apply h,.) Let g : X <w + Y be a continuous surjection. Define f: X2 + Cone(Y) 
by 
f(x,, n2) = ~g(hGi))~ %(X2)) 
i 
;; ;~yy;b 
Use the pasting lemma to show that f is continuous. Let y E Y be arbitrary. There 
is n EN and ~‘EX” with g(Z) = y. There is xy EX so that h&J =x’. Then 
f&3 x,J = (y, 1). Hence Y= YX (1) cf[h,[Xll. 0 
Corollary 4.8. If X is not Lindeliif and maps onto X2, then X has a not realcompact 
image. 
In light of Theorem 4.5, one might hope for a “countable sum” theorem for the 
class of spaces satisfying pq(X) = w, so that the conclusion of Theorem 4.5 can be 
strengthened to “for all X there is n E w such that pq(X”) > L(X)“. However, 
the next result shows that such a sum theorem is equivalent to (Mr). 
Theorem 4.9. If X is not Lindeliif, then there is a cr-compact space S such that X @ S 
has a not realcompact image. 
Proof. Let (coz( f >: f E 8’) be a cozero cover of X with no countable subcover. Set 
S = N X OF. Define g : S + OF via g(n, z>(f > = max{l/n, z(f )). Note that g[S) is 
dense in OF and SE g[S]. By Theorem 3.2, (eF U g)[X@ Sl is a not realcompact 
image of X @ S. 0 
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5. Open questions 
Of course, the main open question is (Mr) itself. Let us explicitly generalize 
from w to higher cardinals. 
Question 5.1. Does L(X) =pq(X) hold for all spaces X? 
We can strengthen (Mr) (and Question 5.1) by requiring that the map be 
one-to-one. (The report that a counterexample is given in 121 is incorrect.) Explic- 
itly, 
Question 5.2. If X is not Lindeliif, does X have a not realcompact one-to-one 
image? If not, must X2, X”, or X < “? 
If there is a counterexample X to (Mr), it must be realcompact, have Lindeliif 
degree greater than 2”, have no uncountable closed discrete subset, have uncount- 
able tightness, and not map onto its square. We know of no space with all these 
properties. In fact, there are proper subsets of this list for which we have no 
example. 
Question 5.3. Does there exist a space X with no uncountable closed discrete 
subset satisfying q(X) = w and L(X) > 2”? 
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